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Abstract. A large number of features can be seen on the ionograms obtained y the Ca- 
nadian topside sounder satellite. The most useful feature for the calculation of electron den- 

geomagnetic field must be carefully considered in the data reduction process. The method of 
analysis me selected assumes that s m d  sections of the profile can be approximated by ex- 
ponential laminations. This method requires fewer points than other first-order lamination 

echoes correspond to vertical propagation This ~ ~ s p t i c t ~  is nat akqyj  -,-a:id, and ii c m  in 
some cases lead to large errors. The sounder also excites the medium in the immediate vicinity 
of the mtellite, giving rise to various plasma resonances. A graph is given which summarizes 
the local effects that are Seen on the ionomms. This graph can be used for a rapid identiha- 

I sity profile is the extraordinary trace; however, to achieve accurate results, the effect of the 

I techniques to achieve a given accuracy. It is usually assumed in the analysis that the received 

- 
tion of these resonances. 

Introduction. The success of the h t  topside 
sounder satellite, Alouette, launched on Sep- 
tember 29, 1962, has provided a new means of 
studying the electron density distribution in  the 
upper ionosphere [Warren, 1962; Petn'e, 1963; 
Lockwood, 1963; Nelms, 1963; Muldrew, 1963~; 
Hagg, 19631. The principal equipment on 
Alouette is the ionospheric sounder, which sweeps 
from 0.5 to  11.5 Mc/s while the satellite moves 
about 80 km along its 1000-h circular, 80" 
inclination orbit; this sweep is repeated every 
125 km along the orbital path. The sweep and 
orbital characteristics provide approximately one 
ionogram per degree of latitude for all escept 
high latitudes. The orbital precession of nearly 
-8 min in time per day is such that, by com- 
bining southbound and northbound passes, we 
can obtain data at all local mean times every 
three months. 

f*? = f 2  X =  

fN' = f2  + ffif 
IN' = f2 - ffif 
f N 2  = I' - IH' 

X =  

X =  

X =  

in Figure 1 are two esamples of typical Alouette 
ionograms observed at midlatitudes and the 
corresponding N-h profiles. These ionograms 
H e r  from the conventional bottomside iono- 
grams in that the virtual depth p', derived using 
the free-space ware velocity, is measured down 
from the satellite. The ordinary, estraordinary, 
and z-mode echoes are identified along with the 
plasma resonances and ground echoes:. 

The plasma resonances, first discpssed by 
Lockwood [1963], occur at the electmn gyro- 
frequency and its harmonics and at frequencies 
where the phase refractive index is infinite or 
zero at  the satellite. One additional phenomenon 
which is similar in appearance to a plasma 
resonance occurs on the ionograms when the 
refractive index is infinite for the vertical ray. 
The conditions for all these phenomena are 
given by the following formulas. 

' 

~~ ~ 

It is the purpose of this paper to discuss the 
interpretation of the data and to outline a 
technique for reducing Alouette data to electron 
density distributions with height. 

Characteristics of topside ionograms. Illustrated 

where 

f = wave frequency. 
fN = electron plasma frequency. 
fN = electron gyrofrequency. 
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0 = angle betaeen the wave normal and the 

The reflection conditions for the ordinary, z, 

magnetic field. 

and extraordinary modes vo, f s ,  and f2) are: 

f o  = 10-~diG% 

where N is the electron density per cubic cen- 
timeter, and all frequencies are in megacycles 
per second. These 'resonance' conditions are 
represented graphically in Figure 2, where the 
abscissa is the plasma frequency f N ,  normalized 
with respect to the electron gyrofrequency fH, 
and the ordinate is the normalized wave fre- 
quency f/fx. With a graph of this type, the 
identification of resonances can be rapidly 
verified. The zeros of the refractive index are 
represented for the ordinary, extraordinary, and 
z mode by the lines labeled X = 1, X = 1 - Y ,  
and X = 1 + Y ,  respectively. The pole of the 
refractive index for the vertical ray occurs at 
X = (1 - Yz)/(1 - YLz) and is illustrated (for 
Y t  = Y cos 45") by the dashed line. This condi- 
tion can occur in the region bounded by the 

curves X = 1, Y = I, and X = 1 - Yp.  At the 
magnetic equator it will coincide with the line 
X = 1 - Y2, whereas a t  the magnetic dip pole 
it will occur along the Y = 1 line if the nor- 
malized plasma frequency is less than unity and 
will coincide with the ordinary plasma resonance 
( X  = 1) for normalized plasma frequencies 
greater than unity. The line X = 1 - Y2 repre- 
sents the limit of z-mode propagation, and a t  
this point the refractive index is infinite in the 
plane perpendicular to the magnetic field. The 
z mode can therefore only propagate in the 
region bounded by the curves X = 1 + Y and 
X = 1 - Y2, and the ordinary and extra- 8 

ordinary modes can propagate only in the 
regions above the curves X = 1 and X = 1 - Y ,  
respectively. 

The plasma resonances observed at the electron 
gyrofrequency and its first two harmonics are 
represented by the dotted lines labeled Y = 1, 
1/2, 1/3. Others have shown that the X = 1, 
1 - Yz, correspond to well-known plasma 
oscillations. 

For a fixed electron density the propagation 
conditions encountered as the sounder sweeps 
from 0.5 to 11.5 Mc/s are represented by the 
vertical line AI on Figure 2. As the sounder 
sweeps up in frequency the normalized wave 
frequency increases, but no propagation can take 
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Fig. 1. Typical middle-latitude ionograms and corresponding true height profiles. 
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Fig. 2. Propagation and resonance conditions in a magnetoionic medium. 

place until the point B on the curve X = 1 + Y 
is reached, where propagation in the z mode 
can begin. This mode can propagate until 
X = 1 - Yz at point E, where z-mode propa- 
gation in any direction ceases. At point D, 
X = (1 - Y*)/(l - YL*) for the vertical ray 
(at 45" dip), the group retardation becomes very 
large as the energy propagates down to the 
reflection point X = 1 + Y and returns. The 
process of propagating vertically to a reflection 
point and back can be represented by a hori- 
zontal line such as HG (for the ordinary ray) if 
we neglect the variation of gyrofrequency with 
altitude and further assume that plasma fre- 
quency increases in the direction of propagation. 
Propagation in the ordinary and extraordinary 
modes begins when X 5 1 and X 5 1 - Y 
(points C and F), respectively. 

The gyroresonances can occur when the sounder 
frequency is an integral multiple of the electron 
gyrofrequency, i.e., Y = 1, 1/2,1/3, etc. Alouette 
observations of the gyrofrequency resonances, 
phenomena that are well known in plasma physics 

research [Wharfon, 19591, have been qualitatively 
explained by Lockwood [1963]. The observed 
'resonance' at X = (1 - Y2)/(1 - YLs) for the 
vertical ray can be simply explained by the large 
group retardation encountered by the z mode m, 
it propagates to the reflection point and returns. 

Such a resonance and its fine structure are 
shown in Figure 3, which is a photograph bf 
fifteen successive soundings separated by about 
16 kc/s in wave frequency. This figure is a ~10% 
of signal amplitude (ordinate) as a function 
of time (abscissa) as the sounder sweeps from 
1.202 to 1.451 Mc/s. One-millisecond timing 
marks enable the spectral components of this 
plasma resonance to be easily determined. The 
principal component of this resonance, 700 cps, 
does not change as the wave frequency increases 
16 kc/s per pulse. The hydrogen ion gyro- 
frequency for this geomagnetic location is within 
5 per cent of the measured principal spectral 
component. For this location (133.5'E, 16.5'5) 
and time (1623 UT, March 11, 1963), hydrogen 
is believed to be the predominant ion a t  the 
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Fig. 3. Low-frequency oscillation observed in a plasma resonance. 

satellite altitude [Bauer, 19621. On the basis of 
these considerations, the observed periodicity 
may indeed be the hydrogen ion gyroresonance. 
This phenomenon is seen most frequently in 
geomagnetic locations where the magnitude of 
the field is largest, and on the conventional 
ionogram display it appears as a broken vertical 
line. The possibility that this oscillation is 
introduced by the satellite receiver is being 
investigated. 

As can be seen from Figure 1, the z-mode 
trace does not appear on every ionogram, and 
the ordinary mode echoes usually are not seen 
at frequencies much lower than the extraordinary 
exit frequency (X = 1 - Y ) .  J. W. King (pri- 
vate communication) has observed some iono- 
grams near the magnetic equator on which the 
ordinary mode echoes extend back to the 
ordinary exit frequency, X = 1. 

The echoes observed above 4.5 Mc/s (f.F$ 
on the ionogram shown in Figure 1A are returns 
from the ground; similar echoes have also been 
observed from sporadic E ionization on some 
ionograms. Spread F is observed from the topside 
and has been discussed by Petrie [1963] and 

Knecht and Van Zandt [1963]. As will be indicated 
later, oblique echoes have also been seen. 

Reduction of p’ - f records to N(h)  projiles. 
The initial step in the analysis of Alouette data 
is the conversion of sounding records to electron 
density distributions with altitude from which 
various ionospheric parameters can be inferred. 
The relation between the measured virtual depth 
of reflection p’ from the satellite and the true 
depth of reflection p is 

4 

P’ = [ CL’(f, N ,  B ,  0) dP (1) 

The group refractive index M‘, given by the ratio 
of the free-space wave velocity to the group 
velocity, is a function of the wave frequency f, 
the electron density N ,  the magnitude of the 
magnetic field B, and the angle 0 between the 
wave normal and the direction of B.  For vertical 
propagation, 0 is the complement of the mag- 
netic dip angle. Although the group velocity V ,  
is a known function of electron density [Shinn 
and Whale, 19521, the determination of the depth 
p a t  which reflection occurs, i.e., the point at 
which V ,  = 0, requires advance knowledge of 



TOPSIDE SOUYDER RECORDS 41 1 
the electron density distribution N ( p ) .  The 
heart of the p' - f reduction problem therefore 
lies in the inversion of the integral in (1) that is 
necessary to  determine p.  

The problem must be approached by making 
assumptions about the electron density distribu- 
tion, thereby approsimating the N ( p )  profile by 
a model. Various methods have been developed 
for the reduction of bottomside ionograms, and 
with appropriate modifications they can be 
applied to topside ionogram reduction. These 
methods fall roughly into two categories corre- 
sponding to the approximation made, via., 
polynomial and lamination techniques. The 
polynomial technique developed independently 
by Unz 119611, Titha'dge 119611, and Rnecht et al. 
[1962] assumes that the entire profile can be 
approximated by a single polynomial in plasma 
frequency fN. A modification of the single 
polynomial technique [Titha'dge, 19611 approxi- 
mates the profile by a number of overlapping 
polynomials. Thomas et aZ. [1963] have applied 
the single polynomial technique to topside 
reduction for the special case in which the 
geomagnetic field is neglected. The lamination 
method originally developed by Budden [1955] 
assumes that the profile can be approximated by 
a number of slabs or laminations, the height 
increments of which are a function of electron 
density. Budden assumed the height increments 
to be linear in plasma frequency, fN (where 
fN = (8.98 X l O - * ) d N  with f.v in megacycles 
per second and N in electrons per cubic cen- 
timeter) ; this technique has been used exten- 
sively by Schmerling 11957 and others. Jackson 
[1956] has developed a reduction method similar 
in principle with height increments linear in 
electron density. These lamination methods 
should properly be called fist-order lamination 
methods, since the height increments are linear 
in plasma frequency or in electron density. 
Other lamination techniques developed by Paul 
[1960] and Doupnik 119631 assume height, incre- 
ments to be a parabolic function of electron 
density. 

In  applying a lamination method to the 
reduction of topside ionograms, it is logical to 
assume the height increments to be a function 
of the natural logarithm of electron density, log 
( N ) ,  since theoretical considerations [Bauer, 
19621 and rocket experiments [Jackson and Bauer, 
1961; Bauer and Jackson, 19621 indicate that the 

topside electron density distribution is essentially 
exponential in character. A similar exponential 
lamination technique has been proposed by King 
[1960] for the analysis of bottomside ionograms. 
The following sections outline the first-order 
linear-in-log ( N )  lamination method and its 
application to topside sounder ionogram reduc- 
tion. 

Exponential lamination method. Lamination 
methods of p' - f reduction enable the integral 
in (1) to be approsimated by a summation, i.e., 

C p ' * i ( P i  - PI-]> (2) 
1 - 1  

where p i  and pti are the true depth of reflection 
and virtual depth, respectively, for a wave with 
frequency f j  reflected a t  an electron density N i ,  
and p ,  = p', = 0. is the group refractive 
index for the frequency f, as the wave passes 
through the slab defined by the true depths 
pi- l  and p i .  For example, p'63 represents the 
average value of p' in the third slab for the 
frequency which is reflected a t  the bottom of the 
fifth slab. The expression for is 

The calculation of pri i  depends on the electron 
density distribution assumed within the slab. 
The linear-in-log ( N )  technique described here 
assumes that N ( p )  is a simple exponential 
within each slab, i.e., 

N = Nj-i exp [kj(p - p i - d l  (4) 

where Ni- l  is the electron density at p+, the 
distance from the satellite to the top of the slab, 
and (ki)-I = (p i  - pi-l)/[log ( N i )  - log (Nj-d] 
is the assumed constant electron-ion scale height 
for the slab. Solving (4) for p ,  dgerentiating 
with respect to log(N), and substituting the 
result into (3) yields 

1 /y i i  = 
log ( N i / N i - l )  

Application of the exponential lamination 
The principal daerence between the method. 
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reduction of topside sounder ionograms and 
conventional bottomside ionograms is that in 
the topside region the plasma frequency is non- 
zero over the entire ray path. A further compli- 
cation is that the magnitude of the geomagnetic 
field varies appreciably over the ray path. For 
reduction of the ordinary trace, the field varia- 
tion can be ignored for a first-order solution, 
but for reduction of the extraordinary trace the 
magnetic field is a very important parameter. 

The electron density a t  the satellite is obtained 
from 

N o  = (1.2404 X 104)f0.2 

for the ordinary trace (X = 1) and 

No = (1.2404 X lO4)(fZs2 - f z . f ~ . )  (7) 

for the extraordinary trace (X = 1 - Y ) .  The 
terms foe and fzo are the wave frequencies in 
megacycles per second for the ordinary and 
extraordinary modes, respectively, a t  which the 
virtual depth is zero, and fH. is the electron 
gyrofrequency at the vehicle. The local gyro- 
frequency can be obtained from an inverse cube 
extrapolation of the ground value, from gyro- 
frequency plasma resonances, or by means of a 
polynomial fit to the geomagnetic field. 

Since ionograms do not in general show an 
ordinary trace for ware frequencies much less 
than that a t  which propagation in the extra- 
ordinary mode begins, the electron density a t  the 
satellite can therefore only be determined by (7). 

To begin the calculation of the profile, we 
compute the average group refractive index prll 
from (5) for the first lamination which is bounded 
by the electron density N o  a t  the satellite and 
the electron density N1 corresponding to the 
frequency of the first point scaled from the 
given p’ - f record. From (2) for i = 1, the 
true depth is given by p ,  = p ’ g r l l .  The true 
altitude hl is found by subtracting pl from the 
satellite altitude h,. To calculate the point on 
the profile corresponding to the reflection of a 
wave frequency f i ,  the contribution to the 
retardation of fi in the last lamination before 
reflection, pril (pi - p+J ,  is found by subtracting 
from p‘ ,  the retardation due to that part of the 
porfile already determined; from this result and 
the average group refractive index for the last 
lamination, p i  and hi are then found by the 
following two equations: 

h, = h, - p i  

This process is continued until the entire profile 
is determined. 

Magnetic field e$ects. Although the dip angle 
for a given geographic location is nearly constant 
within the altitude range of topside soundings, 
the variation of the electron gyrofrequency can 
be as much as 25 per cent over the range 250 to 
1000 km. Therefore the accurate determination 
of true height profiles requires allowing for the 
altitude variation of the magnitude of the field 
in the calculation of the integrals in (5). This 
variation can be taken into account by eval- 
uating fH a t  the altitude corresponding to the 
bottom of each lamination and assuming it to 
be constant throughout the lamination. This 
value of f H  is used in computing p’ and, when 
the propagation is in the extraordinary mode, 
fH is also required to compute the upper limit of 
the integral of p’ in (5). A slight complication 
arises in computing the retardation for the last 
lamination, since the altitude of reflection (and 
hence fH) is not known initially. This difficulty 
is overcome in the following manner: The average 
group refractive index p t i i  is calculated using fR 
evaluated a t  the altitude corresponding to the 
top of the layer, h,-l, and from (8) and (9) a 
value for hi is obtained. The value of is then 
recomputed using f H  evaluated at this initial hi, 
and a new value of hi is determined. Continuing 
this iterative process will not improve the degree 
of accuracy appreciably because of the approxi- 
mation that fH is a constant throughout the slab. 
Doupnik (private communication) has shown 
that by using only the extraordinary virtual 
depth for each lamination it is possible to improve 
the approximation by calculating the field as a 
function of altitude within the lamination, since 
the slope of the electron density profile for each 
lamination is the only unknown. 

In most cases, the field compensation scheme 
described above is sufficiently accurate, i.e. the 
uncertainties in the true height calculations due 
to the field dependence are less than the un- 
certainties inherent in the reduction method. 
I t  has been found, however, that a t  locations 
where the extraordinary exit frequency and the 
local electron gyrofrequency are such that the 
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field parameter Y = f H / f  is greater than about 
0.7, the uncertainty in the first few true heights 
of reflection below the satellite (4-20 km) is 
greater than the combined uncertainty due to 
scaling, computational, and satellite position 
errors (f10 km). This uncertainty is due to the 
extreme sensitivity of the index p' and of the 
electron density calculations to slight deviations 
in Y when Y approaches unity. As the sounding 
frequency increases, Y decreases, and the 
uncertainties in the remaining true height cal- 
culations due to the field dependence beconic 

Reduction of the ordinary ray data is much 
 simp!^, skcce thc dcctioii deii&y air tne Dottoni 
of the lamination is known, and therefore the 
height variation of Y within the lamination can 
be included more accurately by an  iterative 
procedure. For the ordinary ray, the Y depend- 
ence of dp'/dY for p' > 2 is large for two ranges 
of Y ,  1/8 2 Y 2 1/2 and Y > 2. The range 
Y > 2 is not encountered with the current 
topside sounder, and Y Z% 1/2 is seldom en- 
countered in the altitude range where p' > 2. 
Including the height variation of Y within each 
lamination does, however, reduce the error in a 
true height profile (for which Y = 1/2 at the 
satellite) by nearly 3 km over the entire profile. 

Comparison of lamination m&~ds applied to 
topside e a r n .  When applying a lamination 
method to ionogram reduction, the error intro- 
duced by the departure of the assumed from the 
actual electron density distribution within each 
lamination can be determined by the number of 
laminations required to define the profile ac- 
curately. A comparison of the three first-order 
lamination reduction techniques applied to the 
extraordinary traces of the same ionogram is 
shown in Figure 4. The solid curve is the profile 
obtained by the linear-in-log ( N )  technique, 
while a single dashed curve shows the profiles 
obtained by the linear-in-N and linear-in-fN 
techniques, since these last two agree with each 
other to  within 4 km. The maximum difference 
in altitude between the two curves is about 20 km. 
Sixteen laminations were used in all three 
techniques. Doubling the number of laminations 
in all three techniques yields profiles which are 
identical (within 3 km) to the profile represented 
by the solid curve. Therefore, to calculate 
profiles of the same accuracy, fewer laminations 
are required by the linear-in-log (N> technique 

mall. 
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Fig. 4. Comparison of firsborder laminstion meth- 
ods as applied to topside ionogrm reduction. 

than by the linear-in-N or linear-in-fy tech- 
niques. If a height variation of higher order in 
log (A*) were assumed, i t  is espectcd that excii 
fewer laminations would be required. 

N(h) profiles. All methods of reducing iono- 
grams to N - h profiles assume that the nave 
normal is in the vertical direction. There i., 
however, evidence on some ionograms of field- 
aligned propagation. ilfuldrew [ 1963bl has dii- 
cussed obserrations of trapping in field-alignctl 
ducts near the magnetic equator. Figure <5 is an 
observed topside ionogram and two electron 
density distributions derived therefrom. Profile 
A,  obtained on the assumption that the propnga- 
tion path was entirely vertical, is ob\iou4y in 
error beeawe it yields an 3'2  Xa\imiiiu uf l G 5  

el/cma a t  100 km. Profile B, obtained on tlie 
assumption of field-aligned propagation, rewlts 
in an F4 maximum a t  251 km. Altliough there is 
no direct evidence on this ionogram that tlie 
propagation is field aligned, this conclusion, 
based on the height of the F z  mssimum, is the 
only reasonable estimate of the actual condition.. 
It should be emphasized again that the over-all 
error in any data point due to scaling, comput:i- 
tions, etc., is less than 10 km. 
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@ TRUI H W I T  PROFILE 
ASSUMING VERTICAL 

l o o o ~ \  PROPAGAIION 
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Fig. 5 .  One example of appreciable 

It is well known that a cusp will appear on a 
virtual height record whenever the slope of the 
electron density distribution is large and rapidly 
changing. The depth of this cusp depends 
principally on the slope, and the shape is a 
measure of the rate of change of the slope. The 
large cusp in Figure 5 a t  1.65 hk / s  is produced 
by the change in scale height between 600 and 
800 km. This cusp does not arise from the large 
values of the group refractive index that occur 
a t  Y = 1, since the largest value of Y for this 
sounding is 0.7. If the electron density distribu- 
tion and electron gyrofrequency were such that 
0.9 < Y < 1.0, a sharp cusp would be observed 
in the extraordinary trace due to the variation 
of Y ;  however, this phenomenon has not yet 
been observed, since the electron densities 
observed a t  1000 km are generally greater than 
103 el/cm3. 

Summary and conclusion. Topside ionograms 
exhibit local phenomena (plasma resonances), 
echoes from the topside ionosphere (ordinary, 
extraordinary, and z propagation modes), and 
echoes from below the Fs maximum (ground 
returns and sporadic E reflections). The range 
of extraordinary echoes extends rather con- 
sistently from the immediate vicinity of the 
satellite to the reflection point, and it is thus the 
most useful for calculating electron density 
profiles. Lamination methods of reducing p' - f 
records to N-h profiles have been discussed 

0 TRUE HEIGHI PROFILE 
ASSUMING HELD 
LLISNtO PROPAEATION 

ELECTRON DtllSllY [rl/cm3] 

deviation from vertical propagation. 

and, in particular, a method using logarithmic 
laminations has been developed and applied to 
the topside ionosphere. This method yields 
greater accuracy than other first-order lamina- 
tion techniques for a small number of sample 
points. The height variation of the geomagnetic 
field is important in (1) the computation of the 
average group refractive index in each lamination 
and (2) the calculation of the electron density 
at the boundaries of each lamination in the case 
of the extraordinary ray. 

A convenient means of identifying the plasma 
resonances observed with a swept frequency 
topside sounder has been presented. In  one of 
the plasma resonances a spectral component has 
been observed that appears to correspond to the 
H+ gyrofrequency. 

Some topside ionograms, reduced under the 
assumption of vertical propagation, yield profiles 
with a value of the F t  peak that is obviously too 
low. It is suggested that in these cases field- 
aligned propagation is the source of this error. 
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Telecommunications Establishment. Many helpful 
discussions with J. E. Jackson and S. J.  Bauer of 
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whose accuracy was verified by comparing with 
Becker's [19601 values. 
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